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Abstract

First the definition of the infinite dimensional Grassmannian over the Hilbert space L%\Q[O, 11 =
E @ U is given, where the polarization is according to the even and odd functions. We then prove
that the normal space N, (M (p)) at the point ¢ € M(e), where M(e) is the isospectral set to the
even point e, belongs to the Grassmannian over LHZR[O, 1]. Since an element of the normal space
depends not only on its base point but also on a parameter x € [0, 1], we first fix x, and for arbitrary
q € M(e) we derive the group action on the Grassmannian. The determinant bundle and the tau
function are constructed over the Grassmannian whereas in contrast to the usual constructions
regularized determinants are involved. For fixed elements of the isospectral set and the variation of
the parameter x the second group which acts on the Grassmannian is derived. It is then shown how a
unified construction for both group acting on the Grassmannian has to be carried out by comparing
it to the Fock bundle construction of 3 + 1 dimensional Dirac—Yang-Mills theories.
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0. Introduction

In this paper we first introduce the notion of the Grassmannian over an infinite dimensional
Hilbert space. The Grassmannian turns out to be a Hilbert manifold modeled over the space
of the Hilbert-Schmidt operators and there exists a group which acts on it. The difficulties
in our case arise from our Hilbert space LBZR[O, 1] in contrast to the space L2(S!, ©) studied
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in [4,10,17]. This complicates the matter essentially since in their case the operators act as
multiplication operators whereas in our case the way the group acts on the Grassmannian
has to be recovered in a more difficult way. Therefore, we discuss in this paper the toy
model of asymptotic eigenvalues which considerably simplifies the analysis. We first prove
that the normal spaces at any point g € LI}ZR[O, 1] of the isospectral set M (p) belong to the
Grassmannian of L%R[O, 1]. The group acting on the Grassmannian is found by using the
analytical facts from [11]. We then construct the determinant bundle and the tau function
for the Grassmannian and determine the group acting on it for fixed x € [0, 1]. In the next
section the group acting on the normal vectors which keeps the points g € L%R[O, 1] fixed
but vary the parameter x is derived. In the last section we show how the Fock bundle is
constructed in the case of 3+ 1 dimensional Dirac—Yang-Mills theories which will be used
to unify the group action of the two groups described above on a bundle which contains the
determinant bundle.

Remark A. The asymptotic model we consider here has two serious drawbacks apart from
the advantage that the calculations are essentially simplified. The first is that we do not
know the kernel and the image of the basic projection operators, which enter the definition
of the Grassmannian, explicitly. The second one is due to the fact that we have an explicit
basis for the vectors of the normal spaces to the isospectral set but that this basis is related
to the L?R[O, 1]-basis by operators of the form 1+ Hilbert—Schmidt. Since we want to work
explicit we decide to work in this known basis instead taking an unknown one of the form
1 + trace class. But this forces us to consider a more general Grassmannian in order to
construct the determinant bundle. That is, it is shown that the normal spaces are the elements
of the Grassmannian over L%[O, 1] according to the splitting into even and odd functions.
The group acting on the Grassmannian will have off diagonal elements which are Hilbert—
Schmidt. However, in our case we consider them as elements of the Schatten class Z4 in
order to construct the determinant bundle with the explicit known basis. The Grassmannian
with the Hilbert-Schmidt off diagonal terms nevertheless is dense in the more general one.
Since the determinant bundle constructed over the more general Grassmannian involves
regularized determinants, the group action on the bundle will be more complicated.

1. Grassmannian

Let L%[O, 1] be our Hilbert space which the polarization given by the subspace E of
even function and of the subspace of the odd function U. Recall that the symmetry of the
function is given with respect to the point % The definition of the Grassmannian Gr(H) of
an arbitrary Hilbert space H = H, @ H_ with the indicated polarization is as follows.

Definition 1. Gr2(H) is the set of all closed subspaces W C H such that
(a) the orthogonal projection

pry W —> H, (1.1)
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is a Fredholm operator, and
(b) the orthogonal projection

pr— W — H_ (1.2)

is a compact operator belonging to the Schatten class Z4. -

We only consider the connected component with index O of the operator pr. We state
the properties of such Grassmannians which are all proved in the book “Loop Groups” of
Pressley and Segal in [10, Ch. 7].

Theorem 2.

(a) Gry(H) is a Hilbert manifold modeled on T4(W, WT), i.e. it is modeled over the space
of operators from W 1o W belonging to Ty.

(b) The group G L.s(H) acts transitively on Gr(H).

The restricted general linear group GL(H) is the following closed subgroup of the
general linear group GL(H) of invertible operators on H: Let g € GL(H) be written in
block form

a b
g=<c d) (1.3)

according to the polarization of the Hilbert space. Then g € GLs(H) < b,c € I4.
Note that in this case a, d are automatically the Fredholm operators. This follows from the
fact that W € Grz(L%R[O, 1]) <= W is equal to the image of the embedding w, & w_ :
E — E @& U with wy Fredholm and w_ € Z4. Then

w w/ aw4 +cw-

and w/, is Fredholm as the sum of a Fredholm and a Hilbert~Schmidt operator and w’
is Hilbert-Schmidt as being the sum of the two Hilbert—-Schmidt operators. We prove that
the normal space N, (M (p)) at the isospectral set for every g € LBZQ[O, 1] is an element of
Gra(L3[0, 1)).

Lemma 3. N,(M(p))isforeveryq € L%&[O, 1] an element of Gry (4 (L%R[O, 1)), where the
index [q] denotes that the isospectral set M(p) is a real analytic submanifold of Lé[O, 1]
lying in the hyperplane of all functions with mean [q] := fol q(t)de.

We omit the index [¢] indicating the hyperplane with the understanding that we keep it
fixed for the moment.

Proof. Letu = 3_,.07nUs, n € R x £2. We have to prove that pry. and pr_ are the
Fredholm and Hilbert-Schmidt operators from N, (M (p)) to E and U, respectively,
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prou = Z(u, cos2mnx)cos2mnx,

n=0
00

nm(g,%, — 1, cos2wnx) cos2wnx (1.4)

n, m=0
00

= Z N Bmn + (O(1/m), cos 2wnx)) cos 2mnx,
n, m=0
where we used (1.7) from [20].
But by the Bessel inequality,

> 10(/m), cos2mnx)F < Y 10A/m)P <c Y # < o0. (1.5)

n,m>0 m>0 m>0

Hence, the operator pr is of the form
pri =145, (1.6)

with § Hilbert—Schmidt. Since the Fredholm operators are invertible modulo compact op-
erators, we proved that pry is Fredholm. We omit the same proof for pr_, which gives us
that pr_ is a Hilbert—Schmidt operator. O

We proved that in fact the Grassmannian we consider here is Gry, that is with the Hilbert—
Schmidt operators in the off diagonal terms of the group action w.r.t. the polarization.
Since the Hilbert—Schmidt operators also belong to the Schatten class Z4, there is a dense
embedding of Gr| in Grs. Since in the construction of the determinant bundle we will need
what is called an admissible basis and in our case the admissible basis, we explicitly now in
order to do calculations leading to Gr; we will consider this Grassmannian (see Remark A).
In Theorem 2 we stated that the Grassmannian is a Hilbert manifold. We give now explicit
coordinate charts. To get them we imitate the procedure for L2(S!, C) in [10, p. 103). Let
{ex }kez, k>0 be the basis vectors for the even subspace E of L%R[O, 1]and {e_i}kez, k<o those
for the odd subspace U. Then S is a subset of Z which is bounded below and if the number of
negative basis vectors is m € N, then all positive numbers but the first m ones belong to m.
We make a finite dimensional example which shows the coherence of the above definition of
the infinite dimensional Grassmannian with the finite dimensional one. Let C* = C? @ C?
be the Hilbert space corresponding to LI}%[O, i]. Then the Grassmannian Gr4 is the manifoid
whose elements are all subspaces of C* = C? @ C2. This means that Gry = U;‘=l Gra,i,
i.e. it is the disconnected sum of the one, two, three and four dimensional subspaces. The
number of charts which are necessary to parametrize this subspaces is equal to

()2 ()-orerer-s

This number can be put into relation with the set S. If we denote the basis vectors of C* by
e_1 = —1,e_y =: —2,e1 =: 1,e3 =: 2, where those with the same signs span one of the
subspaces C2. Then the set S consists of the spaces spanned by the following subspaces
of C*:
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Sy ={-1,-2,1,2}, corresponding to C*;

S2, ..., Ss = (=1}, {=2}, {1}, {2},
corresponding to the one dimensional subspaces;

Soo ..o S ={-2, -1}, (=2, 1}, {=2, 2}, {1, =1}, {—1, 2}, {1, 2},
corresponding to the two dimensional subspaces;

S12, .00, Sis = {=2, -1 1}, {-2. -1, 2}, {—1. 1,2}, {=2, 1, 2},

corresponding to the three dimensional subspaces.

It is clear that to any projection of W € Gry to C* there is a subset S € & such that this
projection is an isomorphism.

Let S be the collection of all this sets S and Hy is the closed subspace spanned by S.
Using this fact the following lemma is easy to prove {10, p.103].

Lemmad4. For any W € Gnry (L%R[O, 1) there is a set S € S such that the orthogonal
projection W — Hys is an isomorphism. In other words the sets (Ung)ses, where

Uny = (W e Gr(LI0.1)|p: W — Hs,

1.7
p an orthogonal projection and isomorphism}, (.7

form an open covering of Grz(LHZQ[O, 1.

2. Group acting on the Grassmannian for fixed parameter x

In the first part, we describe the general situation, i.e. the non-asymptotic case, where we
keep x € [0, 1} in the normal vectors U (x,) fixed. Using that E € Grz(L%R[O, 1] and that
we only consider the connected component with index(pr;) = 0, there exists a group G.
which according to the splitting of the Hilbert space any element has the form

a C
g—<b d>, g € Gy,

where any element maps £ into a normal space at a point ¢ € M(p) and a,d are the
Fredholm operators, b, ¢ € 74 , respectively. That is, there exists a g € G such that

g E = Ng(M(p)). (2.1)

Clearly, g is a function of x and q. Fig. 1 iliustrates the geometric setting. How this group
acts explicitly on the Grassmannian? Clearly, the following holds. Let v € E be a vector in
the normal space at a point ¢ € E. With respect to the polarization L?R[O, Ill=EqUv
has a zero component w.r.t. U. Let then g € G; acting on v, i.e.

a C v _ 7 _ prou
<b d)(o)_<u‘)_<pru)ENq(M(e))' (2.2)
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<
v E
Me) L2p((0.1])
Fig. 1.

Inserting the explicit formula for u € N,(M(e)) written down in (1.7) and using the
asymptotic expansion (1.6),

o0 o0
> npriUs > tapri(egs— 1 +noprl
2 =] =0 =] "z : 2.3)
2
> npr-Uy Y mapr-(gh — 1)+ mopry
n>0 n>1
Since v € E,
o0
Z v, cos2mnx)cos2mnx, 2.4)

and we get for the nth basis vector of v the equation (m > 1)

Do dmnCOS2mnx Mmpre (83 — 1)
Y bmncos2anx )~ \ nmpr-(gy — 1)
_( tmpr+(O(1/m) — cos 2mmx)
T\ mpr—(O(1/m) — cos 2nx)
_{ Mmpr+(O(1/m) — cos 2mmx)
= ( v O(L/m) ) . (2.5)

To find a solution of (2.5), i.e. to determine a and b in a direct way seems hopeless. We try
an indirect way and instead of finding the explicit form of the group action on an element
of E we consider the general case with v € N,(M(e)), p # e,e € E. Thatis v has
also two components v4 and v_. We first consider the operators a,b,c,d of g € G» in
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n_
ker pr(1,+) pr(1,4)

coker pr(1,+) \.

NME) | o

| pr(2.+)

ker pr(2,+}

N q(M(e) —_—
pr(2-)

Fig. 2.

more detail. Let w € N,y (M(e)) such that w is reached from v by g. Furthermore, the
two components of w according to the polarization are w, and w_. Let €3, = cos 2mmx
and wy,, = sin2mx denote the basis vectors of E and U, respectively. Fig. 2 shows the
projection of the two elements N,(M (e)) and N, (M (¢)) of the Grassmannian into the space
E & U. We consider this image since we study the group element g transporting v into w as
a map of the appropriate subspaces of L%R[O, 1] into itself. Fig. 2 shows the various spaces
and maps of the following discussion.
Since prJ]r' 2 are Fredholm, we have that

dim ker pl+ = dim coker pl+, dim ker pi = dim coker pi. (2.6)

Then the group element g is a linear bijective map from

g: E®U & coker prjlL O coker prl_ — E® U S ker pri O ker prz. 2.7
Furthermore,
a:E— E, d:U— U, b E— U, c:U— E. (2.8)

Since a € F, where F denotes the class of Fredholm operators, we may write it in the form
a =gq +t with g invertible and ¢ finite rank. (2.9)

q is an invertible map from prL (N, (M (e))) in pr? (N, (M(e))).  maps a finite dimensional
subspace M C E into a finite dimensional subspace (M) =: L of pri(N,,(M(e))) with
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dim L < M. The coker K of ¢ has dimension dim X = dim M — dim L. The operator ¢
maps prl (Np(M(e)))in pr}_(Np (M(e))). Since g is invertible, a +-¢ has to be surjective on
pr3(N,), hence ¢ maps a subspace J C pr! (N,) in pr2(N,), with dim J = dim K. For
b, c we have: d € F maps all but a finite subspace G of prl (Np) bijective in prE(Nq) and
b is Hilbert—Schmidt which maps pr}r(N p)in pr%(Nq) where there is a finite dimensional
subspace H of pri(Np), dim H = dim G — dim coker g, which is mapped in G since,
again, g has to be invertible.
The concrete realization of g is now given in the asymptotic case.

Theorem 5. Let
2
U(x, p(x)) € Ny(M(e)), h = h(x, p(x)) = 2% logdet ©@(x,tq,£) € M(e)

with
I{f, 1, [{h, )] < NAll2, 1 < k2, Vf e L0, 11.

Then the elements of the group G, which acts on the Grassmannian Gry (L%R[O, L)) are given
by g(x,tq) = (1, B(x,tq(x))), where B(x,tq(x)) is the operator defined by the equation

B(x,tq(xNHU (x, p(x)) =2 Z 7In0<l) Z !
k

_"
= n k!

k
k .
> ( )(ﬁ)um<h,h, oo B D) Pk By s p) =2 (€% — DU, p(x)),
m=0 m
and the sum converges if the above bounds on h are imposed. The functions Py are defined
by
k

1
Kk (1) n

gn (e B )1, f2u s ) =2 080 = WOFPUAL oo fi )O(),
and their specific form is given in the proof.

Remark. The identity element of the group G is e = (1,0), the inverse element g~! to
the element g(x,tq) = (1, B(x, 1q(x))) is given by g"(x,tq) = (1, — B(x,1q(x))) and
the composition of two elements g and g» is defined by

81(x, sw(x)) * ga(x,tq(x)) = (1, Blx,sw(x))B(x, tq(x))).

Remark. After the proof of Theorem 5 we give as a corollary the explicit form of the group
elements when we consider the polarization of the Hilbert space.

Proof. The strategy will be a perturbation of the normal vector at g € M(e) in a direction
h € M (e). We start with some facts which are taken from [11]. On the isospectral set M (e)
there exists an addition of two points, i.e.

w D p =:exp,(Viw)+«(p)) (2.10)
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for w, p € M(e). The even point ¢ € M(e) is the identity element of the group with the
group operation @ and the inverse element of p is given by reflection at the space subspace
of even functions E. Furthermore, a curve on the isospectral set is denoted by @'(q, Vi),
where #° = g,a <t < band

d
d—1¢’(q’ Ve) = Ve(®' (g, Ve)), exp, (Ve) = @'(q, Ve)lr=1. (2.11)

A point on the isospectral set for fixed ¢ is given by

&2
D' (g, Vi) =e—2wlogdet(~)(x,tq,§), (2.12)

where

1
Ox,1q,8) = | 1+ % - 1)/8i(5,4)gj(5v4)d5 . (2.13)
X i, jeN

Since the derivative of a determinant is given by the formula

d det A(s) = det A(s)tr (EA(s)) A~ N(s),
ds ds

we get

d* d?
— logdet ©(x,1q,&) =tr ——O(x,1q,§) (O (x,tq,6)7!
dx= dx

+ [%@(x,tq,g)] (O(x,19.£) 72 . (2.14)

[s the determinant well defined? The asymptotic expansion of g; is
gi(x, Aj,q) = V2sinmjx + O(1/). (2.15)

Hence,

|
/gi(s,q)gj(s,q)ds

X

= —?-—.2—)(1 —&p)jsinmixcosmjx —isinmwjxcosmwix]
(s —j

1 —x+ &% sin 27 ix]8;j + o(i—lj) + o(é) + o(%)

=:8;j + F(x)ij. (2.16)
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Therefore,
1
fgi(S’Q)gj(S,Q)dS =&ij + F(x)ij +O(1/ij), (2.17)
X

and

® := lim det@™

n—>o0

oo
det @™ = {l_[eg" } det[8;; + (1 — e "5 F(x)ij)i<i, j<n
i

o<
— {l—[et& ] det GF (x)ij)1<i, j<n =: det Z det GF. (2.18)
i

The infinite determinants in (2.18) exist since

(t&)ien € €2 x R, (2.19)
and

(Gij — ) FWijhi=i, j<n

: (1 - e )F(x)y
— {\/|—x—ll~_|8,'j}lsi,j5" _W—j_
A

B

] = AB. (2.20)
1<i, j<n

But A € 7, and since

] —e* _

’

m
s—0 Is]

we get with the Bessel inequality and the Parseval identity that B is also Hilbert-Schmidt.
Hence, we have a product of two Hilbert—Schmidt operators which is a trace class opera-
tor. That is the determinants in (2.20) are the well defined Fredholm determinants in the
limit n — oo. We further need the norm of the points on the curves on the isospectral
set,i.e. [11]

i@ (q.Ve)ll = llrgll = llell +8 ) _ 8n(tq)[cosh(xn(q) + t&x) — cosh(xa(g))],

n>1
2.21)
where

8n(q) = 2n°7%(1 + O(log n/n)).

The group G for a fixed x acts on a normal vector U (x, p(x)) in the normal space N, (M (¢))
and transports it in the normal vector U (x, #g), i.e.

Ux,tq) = g(x,tq)U(x, p(x)), g € Ga. (2.22)
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Remark. As a shorthand we use the notation U (x,tg) = U (x, ®'(q)).

Using Eq. (2.12), we write

5

d_
U(x,tq) = Ulx, p(x) — h(x, p(x))), h(x,p(x)) = 2@ logdet @ (x,tq,§).

(2.23)
We formally expand U (x, p(x) — h(x, p(x))),
U (x,(p(x) — h(x, p(x),1)))
U (x,h(x, p(x),t)) >
=U — Jhix, ,
(o pe)) < dh(x, p(x).1)  Th(x. pto).=p) (e px). 1)
1 02U (x,h(x, p(x),1)) 2
- i (x, O =
+2< dh2(x, p(x),t) h(x. p(x). 1)=p(x) (x. px) t)>+
—_ Z(_l)ni <8 U(-xah(-x, p(-x)9[)) hn>’ (224)
= n! an™(x, p(x),t) h(x. p(x). D=pix).
and where
U (x,hix, p(x),1))
h(x, .
< oh(x, p(x),t) h(x, p(x), D=pix)’ (x. plx) t)>
= QU(x, h(x, p(x), 1)) h(x, p(x),x). (2.25)

oh(x, p(x),t) h(x, p(x), )=p(x)

The derivative w.r.t. & is defined in the following way: First let f be a functional between a
Hilbert space E and the complex numbers. If we denote the derivative of f at the point x by
d, f, then by the Riesz representation theorem there exists a unique element df/0x in the
Hilbert space E, such that d, f(v) = (9f/dx, v) forall v € E. Butin our case {(dU /dh, h)
is the tangent map from the tangent space at g € L%R[O, 1], which clearly is isomorphic to
LA[0, 1], into LE[0, 1] evaluated at k. The kth-derivative term, (3*U/3h¥, h*) is the k-
linear map from L[0, 1]x L2[0, 11x---x LE[0, 1]into LZ[0, 1]evaluated at h @ ®- - -®h
which simply gives (akU/ahk)hk. We write the expansion of U (x, (p(x) — A(x, p(x), 1)),
i.e. (2.24), in the form

U(x, p(x) — h(x, p(x),1) i= <exp [aih]uu, (p(x)), exp[h])>. (2.26)

We need to calculate the derivative of U (x, h(x, p(x),1)) w.r.t. A(x, p(x),1).

Lemma 6.

a
(a) mgn(X,h(X, p), t)(f) =: dngn

_ ﬁ%?ﬁlo(nl) =o(3). (2.27)
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k

ank (1)
= (VP fos - fis ))O(1/n) = O(1/n), (2.28)

(b) g (X B (f1, f2s -, FO(S) = By

for k > 1 and where the notation (3/3h)g,(x, h){(g) is defined by
D gn (e () = g + 1)
P TR =0’

and { , ) denotes the L*-inner product.

In (2.28) the first three functions Pi(f1, f2. - .., fi; h) have the following expressions:

(f.h)
P ,h = -,
1(f5h) T
, , h,
Py(f1, fai h) = <fﬁhf) _ J;;})lip fz)’
—={f1, f{Sf3,. ) — { f3, Y f1. ) — (f1, f3){Sf2. h)

P3(f1, f2, f3s h) = TIE

(h, f1) (R, f2)(R, f3)
A3 ’

The proof of this lemma is given in Appendix A.
We continue with the proof of Theorem 5. Lemma 6 and formulae (2.24), (2.27) and
(2.28) imply for the derivative of the normal vector U (x, h(x, p(x),t))

<3U(x,h(x,p(x),t)) 1

(.1
Jhy=2 nVx——0f -, 2.29
i hey”) Vi o) @2

+3

and for the higher derivatives,

k

*U (x,h(x, p(x),1)) d\ k m ‘
1
X Pyem(h,h, ... B p)o(n—z). (2.30)
We next give a graphical description of the terms P,,(h,h, ..., h; f). The first terms are
2
p =(f,h)’ Py = (f,f) (fih) ’
Al (A AE
(L FUFRY  f R
Py=-3 +3 ,
? E Ak
(f. F)? (f, FY{fh)? (f.h)*
Py=-3 + 18 - 15 s
* R AR A1
f, Y2f. ) (f. PSR (f.h)
Ps=45—+-—~ "~ _ 150 105 s
s NE ATy
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535 (D@ #s @

Fig. 3. Graphical representation of P to Pg

(f. f)? (fs SR (fmf ) (h, [)°
~ 675 + 1575 - —945———.
1A 13 a7 Ik A
If we write a bubble for (f, f) and the line for (4, f), we get the following graphical
representations for P| to Pg with the multiplicities modulo the ||#||~-factors (Fig. 3).

If we use © for (h, f) and £2 for {f, f). respectively, we can write P2, in the form

<3
gy -
? O3 O v O
shsq:}lso% \05@
=

P =45

Pun= Y peeigl
i+2j=2n+1,qeP,

where P is the finite subset of the natural numbers consisting of all solutions of the equation

i+2j=2n+1wrt.i € Nand j € N for fixed n.

Example.
(5) (5) (5)
Ps =by" +by" +by,
and comparing this with the above table we get

L6) _ 45 5 _ 105 s _ _ 150
N TTEN N TR 3 Il

In the same way we have the decomposition

— (2n} i (32
Pn= )  bMee¥,
i+2j=2n+1,q€P,
where P, is the finite subset of the natural numbers consisting of all solutions of the equation

i+2j =2nwrt.i € Nand j € N for fixed n. We now give necessary conditions
(f, ), (h, f) and ||A] have to satisfy such that

1 & (K
Z F Z (m)(ﬁ)"'Pm(h,h, e PYPi_m(h b, oo ks )
k>0 """ m=0

converges.
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Let condition (x) be:

(%) [ P [Kh, Y < AN, 1 < |iA]l.

This implies that

P,(h,h, ..., H; < s
| ”'MW‘ZHwk

and if we write s;' for maximal absolute value of the coefficients in the graphs belonging to
Py, we have |P,(h,h, ..., h; ) < csz‘/||h||2"'l, where ¢ is a constant. Hence,

Zk' Z( )(«/;)'"Pm(h,h, ces b ) Pr_m (B, b, --.,h;f)|

k>0

Gt (5 ) ) (S(5))

where we applied the Holders inequality in the last line. We further get,

ey (5 () ) (S(2))

oS e (5 ()
B k>0 ”hHZk_l m=0 m! .

A sufficient condition for the last integral is given by the inequality

2
1 ko r1sEN? 1
HWHQQ(W S

or equivalently,

MM>GZCS)yt

1/n

Since (n) — 1, for n — o0, the sufficient condition

(EE)7 -

is fulfilled, if Zi‘nzoﬂs;f,l/m!)2 ~ k%, a € R. But the leading order coefficient s, Vk, is
smaller than k¥, which implies that

m=0
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This shows that anzoﬂs;’ |/m!)? ~ k%, and therefore conditon (%) is sufficient for

I & [k
Zﬁ Z( )(ﬁ)um(h,h, ol YPi—m By by B f)
! 0 m

k>0 m=

being finite. In the same way one proves that for ||k|| < 1 and (h, £)¥T2, (£, )% < |A).
k > 2, the sum over the graphs converges.

We now return to the group action!

Lemma 6 and formulae (2.24), (2.27), (2.28) and (2.30) give as a final result for the
shifted vector U (x, (p(x) — h(x, p(x),1))) the formula

Ux, (p(x) — h(x, p(x),1)))
k

= U(x, p(x)) +2Z’7"0(%) 2 k! 2 ('I:l)
k" m=0

n>1 m

X (VX)" Pp(h b, ... 15 D) P (b b, ... B p). (2.31)

Writing a group element in the form g(x, 1g) = (1, B(x, g (x))), where B{(x,tq(x)) is the
operator defined by the equation

B(x,1q(x)U (x, p(x))
1 1 & [k
=23 nno(;) > F > (m)(ﬁ)mpm(h,h, oo by DY Pk (B By i p)
k " m=0

n>1

=" — DHU(x, p(x)). (2.32)

The identity element of the group G; is e = (1,0), the inverse element g ! to the element
g(x,tq) = (1, B(x,tq(x)))isgivenby g~ ' (x,19) = (I, —B(x,tq(x))) and the composition
of two elements g and g; is defined by

g1{x,sw(x)) * g2(x,tq(x)) = (1, B(x,sw(x))B(x, 1g(x))). (2.33)

This proves Theorem 5. o

We now discuss the form of the group action w.r.t. the polarization of the Hilbert space
for fixed x. That is we have to determine the matrix elements a, b, ¢ and d in the equation

( U+(x’“1(x)) ) — ( a(x’f(I(x)) C(x»t(I(x)) ) < U+(x’ P(x)) ) (2 %4)
U_(x,tq(x)) b(x,tq(x)) d(x,tq(x)) U_(x,px)) ) -
(2.34) implies that

aUy(x, p(x)) +cU_(x, p(x)) € ker pr_, (2.35)

cUi(x, p(x)) +dU_(x, p(x)) € ker pr4.

At this point the use of the asymptotic analysis breaks down, since the determination of the
kernel of the orthogonal projections from the normal spaces to the even and odd subspaces
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of Lé[o, 1] need a non-asymptotic analysis. A special solution which satisfies the condition
(2.35) is given by

1+ priB(x,tq(x))  priBlx,tq(x)) )
_ . 2.36
glx.1q) ( pr_B(x,tq(x)) 14+ pr_B(x,tq(x)) (2.36)
Note that B(x, tq(x)) is Hilbert-Schmidt, hence g(x, tq) is of the form
F I
= 2.
g(x,tq) ( I, F ), (2.37)

that is g(x,tq) € G». Therefore, Theorem 5 can be written down without difficulty when
we regard the group action w.r.t the polarization of the Hilbert space.

3. Determinant bundle and the tau function for fixed parameter x

For a more exhaustive discussion of the determinant bundle see [4,10]. First we introduce
the groups G2 and F; defined by

G?:={Ae GLLAIO, 1) A —1€Ty) (3.1
and

Fy:=1{(8.9)|8 € G2, g € GL(E),aq”' — 1 € T}, (3.2)

a

where g = (b i’) € G. Fy is a subgroup of G; x GL(E). The group G? acts on F; from
the left in the form

(8.9)s :=(g,95), s€Gr(g9q) € k. (3.3)

Let U = {Uy = g2 — 1,n > 1,}nen, Up = 1 be an orthonormal basis of N, (M (e)) €
Grz(L,,z-\g[O, 1]). In order to define the determinant bundle, we have to select all those bases
of an element N in the Grassmannian which are related to the orthonormal basis of LDZR[O, 1]
by a matrix which has a determinant. Such bases are called the admissible ones. This is
the difference in the construction of the determinant bundle in the infinite dimensional case
compared to the finite dimensional one (see Remark A).

Definition 7. Let W = {W,,},,cn be an orthonormal basis of N € Grz(LDZQ[O, 1h. W =
{Whnlnen is furthermore an admissible basis of & if (a) W can be reached from the or-
thonormal basis of L%[O, 1] by a linear isomorphism and (b) if the matrix w; defined
by

prowg = ) (wi)jke; (3.4)
%0

is in 1 + I, where the set {e;} is an orthonormal basis of Lé[O, 1].

The basis U = (U, = g,%(x,q(x)) — 1,n > 1, }pen is an admissible basis of N, (M (e))
and the matrix w4 is 1 4 § in this case (see Lemma 3). The set of all admissible bases
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forall N € Gr2(Lé[O, 1]) is denoted Slz(Grz(Ll}zQ[O, I])) and is itself a manifold, called
the Stiefel manifold. In order to continue we first give the definition of the regularized
determinants and state some of its properties (for the proofs see {14,17]). If A is trace class,
i.e. A € ), then

logdet A =trlog A = tr(A — A2 + 143 — ... (3.5)

Hence, if A is Hilbert—Schmidt in order that an expansion of the form (2.12) is possible, we
have to subtract tr A which is not defined for A € Z;. Since the next terms in (2.12) consist
of powers of A and any power A", n > 1, of a Hilbert—Schmidt operator is trace class, the
definition

deta(1 + A) = det((1 + A)e™™), A e, (3.6)

gives us a well defined object which shares most of the properties a usual determinant
does.

Theorem 8. Let A € T;. Then:

(a) The mapping A — deta(1 + A) is continuous in the topology of I5.
(b) 1+ Aisinvertible <= dety(1 + A) #0.

(¢) If A € 1y, then

deta(1 + A) = det(l + A)e 4. (3.7)
(d) IfA,B € 1,,then
dety(AB) = dety A dety Be TAB=A=B+D) —. dety A det; Be”2 M B). (3.8)
(e) IfA,B,Cel+1I,
wy(A, B) := dety B e"?A B), (3.9)
then

w2(A, BC) = :n(AB, C)wi(A, B). (3.10)
Using Theorem 8, we prove the following lemma.

Lemma 9. The formula

(w,\)s = (ws, k(1 + 8),9)7D, s €G? (w ) e Sn(Gra(LE[0, 1)) x R,
(3.11)

defines a free action from the right of G* on Stz(Grz(Lé[O, 1.

Proof. We first prove that (3.11) defines aright action. Lets = 1, then (w, A)1 = (w, Aw2((1
+8), )~y = (w, A), since w2((1 + S), )~! = 1. For the transitiviy, let s, 7 € G2, then
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(w, M) (s or) = (w(s or), Az ((1+ S),sr)™ 1
= (ws)r, an ((1 + $)s, ) Lo (1 + 8), 17"
= (ws, 2an((1 + 8), )" Hr,

where we used (3.10). The action is free if (w,1)s = (w,A) < s = 1.But (w,A)s =
(ws, (1 +5),5)7Y) = (w, A) iff w2((1+ S),5)~! = 1. The last equality exactly holds
iff s = 1. O

Since the action of G2 is free on the Stiefel manifold we define the smooth manifold
DET, := (Stg(Grg(Lé[O, D) x R)/Gz, (3.12)

i.e. the determinant bundle. In order to define the tau function later on we need also the
dual bundle DET} of DET>. A real analytic section on DET? is a real analytic function
¥ : St2(Gra(L3[0, 11)) — R such that

v(wt) = y(wor(w,t), te G2 (3.13)
The next task is to determine the group acting on the determinant bundle.

Theorem 10 [4]. For x € (0, L], x fixed, the group
Gy 1= (Fy x Map(Gry, R¥))/N,

acts on DETy, where N = ((1,q,19)), pg = a(l,q,w) 'ap((1 + S),q7H7",
Map(Gr,, R*) is the space of smooth functions from Gry into R* and

@ Fy x Sp(Gra(L3[0, 1]) —» R

is the solution of the equation

a@q.w) o1+ 8),0)

- s \ ’ (g’q)eFZ’ wGStz, ter.
a(g,q,w)  wg(l+ SHg~t,qrg1)

Ifge G; o» the dense subgroup of G, where a is invertible and ¢ = 0, then the sections
¢ : U — Gy form the automorphisms group of the determinant bundle.

Proof. Since G; acts on the Grassmannian one could think that the group action on the
determinant bundle is simple given by lifting the action of the form g(w, 1) = (gw, A). The
obstruction appearing is that gw is no longer an admissible basis in general. We overcome
this difficulty by constructing a central extension of G2. There is further the complication
that we have regularized determinants, that is we have to regularize the determinants in order
to avoid singularities. We closely follow [4] and define an action of F, x Map(Gr2, R*) on
St2(Gra(L3[0, 1])) x R by setting

(8.9, W (w,A) = (gwg ™!, ra(g, g, wIn(r(w))), (3.14)
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where 7 : (Stz(Grz(Lé[O, 11))) — Gr; is the canonical projection, Map(Gro, CY) is the
space of smooth functions from Gr; to R*. The smooth function
a: Py x Sn(Gra(LA[0, 1)) — R*
is the solution of the equation
alg, g, wt) w2((1+5),1)
a(g.q.w)  wa(g(l+ 8)g7 . q1q7")

The solution which takes care of the possible singularities is given by

(g.q) € F», weSh, 1 €G2 (315

dety(1+5)  deta(3(g~'a(Fii+ 1)+ ¢ 'cFn))
deta(g(1 + S)g~h deta(3(F1y + 1)

alg.q.wt) = f(g,q,w)

(3.16)

where f is an arbitrary smooth functionand F = (2: gi) is the linear operatorin L2[0, 1]

which is 1{—1) restricted to N € Grz(Lé[O, ID(NL), where N is spanned by the basis w
(for a proof, see [4]). The composition of two group elements in (3.14) is given by

(8,4, ), q" 1)y = (gg',qq", (g N)u' (Na(g,q,8' wg'™")
xa(g.q w(gg'.qq’ w) ). (3.17)

To prove transitivity of the action, we have

(2.9, 1&g 1) = (8¢, qq’, (@ N)p/ (Mg, q,8'wg' ™ ")
xa(g,q wagg qq , w)™")
= (gg'w(gq) " ra(gg'. g9’ w)a (g, q.8'wg' ")
/ ’ / ’ -1
xa(g,q,wa(gg,qq . w) ),
but
/ i ! r—1 / i ’ ’ —1
a(gg.qq . w)a(g.q,g wq alg,q,w)x(gg,.qq ,w)
B deto(1 + 5) deta(§(g""'q 'a(Fi+ ) +q' g ' cFa)
det2(gg’(1+ 8)g' g~ det((Fiy + 1))
x u(g' N (Na(g,q,8' wg  Ha(g,q'  wa(gg'.qq', w)™"
= u(g N (N)a(g, q,8'wg' ™ Ha(g'q, w).

This implies that
(g¢.qq (g’ N)w' (N)a(g, q, ' wg' Ha(g'. ¢, wa(gg’ .qq’, w)™)
= (g, ¢, )" q" 1) (w,A)).

This proves the transitivity. It is now easy to prove that the group action (3.14) can be lifted
to an action on DET,. However, this action is not faithful, i.e. we have to divide by the
kernel which is

N=1((,q.1)) g :=a(l,g,w)  or((1+5),g7H 7" (3.18)
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This implies that formula (3.14) defines a faithful action of the central extended group
Gy = (F; x Map(Gra, R*))/N (3.19)

in DET,. If ¢ : U — Gz, U € G, is alocal section defined by ¢(g) = (g, a, 1) then the
local cocycle £(gy, g2) isequal toone if g1 and g, are both lower triangular, i.e. by = by =0,
and a; and ay are invertible. Then,

o (g1)P(g2) = P(g182). (3.20)

Therefore, the automorphisms group of DET3 is GZO, the dense subgroup of G; where
a is invertible and ¢ = 0. The same is true for G, , i.e. the subgroup of G? where a is
invertible and & = 0. This proves Theorem 10. o

We now turn to the tau function. Let ¢ be a real analytic section on the dual determinant
bundle DET7, i.e.

V:Sh - R, y(wt) = ywaw(w,t), (3.21)

where r € G2, w € St,. A solution of Eq. (3.21) is given by ¥ (w) = detyw, which we call
the canonical real analytic section. How does the other sections look like? To answer this
question let v : E — N, be the linear isomorphism which maps the ith basis element of E
into the ith basis vector of N, . If {U;} is an admissible basis of N, then v has the following
matrix form:

v= ( 2:* ) with pr_ Hilbert-Schmidt, (3.22)

that is v is a Z x N matrix with the column labeling the different U; and the row labeling the
coordinates in the standard basis of L%R[O, 1]. Let S € S be a fixed set and vg the submatrix
obtained from v by choosing the rows labeled by S (see the discussion after Lemma 3 for
the meaning of the set §). Then

o5 = dety vseﬂz(ﬁ'z)—ﬂz(vs)’ (3.23)
are the no longer real analytic sections of DET}, where

detp A
= log ——,
P2 = log det A

Note that the traces in (3.24) are all taken of finite dimensional matrices. Another form to
write the sections of the dual determinant bundle is given by using the one forms f;, defined
by fi(ej) = 8-, j, where {e;} is an orthonormal basis of L?R[O, 1], and setting

v=N\fi, detapry= (/\ f,) (wo. wi, ...). (3.25)
j=0 =0

The tau function measures the non-equivariance of the group action of G, , on the deter-
minant bundle, i.e.

w(@)g 'p(N)=p(g~'N), g€Gj (3.26)

Ael+1T. (3.24)
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where p(N) = (w, dety pr) denotes a section on the dual bundle and where we assumed
thatthe N is transverseto U,i.e. NQU = L%R[O, 1]. We now calculate the explicitexpression
of the tau function. The left hand side of (3.26) is transformed in to

LHS (3.26) = (g7, a, D(w.}) = (g 'wa ", ha(g, a, w))
= (g 'wa™!, det; pria(g,a,w))

= (g_l w,dety adetr proa(g,a,w)).

The right hand side is written in the form

RHS (3.26) = (g~ w, deta (g™ 'w)) = (37" w. deta(apr. + cpr_))
= (g~ 'w,dety a dety pry deta(1 + a-lfpr_pr;')
x exply(a.a”epropri') + yata” epropri!, proj)),

where

yz(a,a_lcpr_pr;') = —tr(cpr_prf —a —ailcpr_pr;l + 1),

yz(a_lcpr;pr;],prﬁ_) = —tr(a"lcpr_ — a‘lcpr,pr;I —pre+1).

Since a(g,q,w) = exp[—tr((1 — g 'a)(pry — 1))] in the case of g € G, ) the function
a above is equal to one. Therefore, we proved the lemma.

Lemma 11. For g € G; o N € Grz(L%R[O, 1) and N transversal to the space of odd
Sfunctions U, the tau function is given by

Ty (g) = deta(1 + Blexp{—tr(aB —a — B+ 1) +tr(Bpr. — pry — B + 1)},
3.27

where B = a‘]cpr_pr;].

Inserting the expressions a = 1 + pr,.B and ¢ = pr B the tau function reads

v (g) =dety(1 + (1 + proB) ' pryBpr_pri"
x exp{—tr(cpr_pr;l —a— a_lcpr_pr;1 + D}
x exp{tr(a ' cpr_ —cf'cprApr;l — pr+ + 1)}
=det;(1 + pr_pry — (1 + pr+B)_1prApr;')
x exp{—tr(pry B(pr_pri' — 1)+ (1 + pry B~ = Dpr_pri')
x expl{trpr_ — (1 + preB) ' pr (1 — pri'1— pr_pri)). (3.28)
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4. Group action on the Grassmannian for arbitrary parameter x
and fixed p € L2 =[0, 1]

We determine the group G acting on the x parameter of the normal spaces of the isospectral
set but leaving g € Lu%[O, 1] fixed. Let x,y € [0,1], y = x + hA. The main result is
Theorem 12. The group element § € G we want to determine acts on two vectors of the
normal space in the form

Uy, p(y)) = &y, PNV (x, p(x)).

Then,

Ux+hpx+h)

=V p)+ Z [ FTYE P v

We start calculating the derivatives w.r.t. x. We set A, = A in the following calculations and
since

sin \/_x sm «/A(x

y2(x,2,q) = ‘I(f))’2(x Ag)ds, (4.2)
and |¢; (1)| < exp(|Im«/X|t), we have the bound
llqll
|y} — cos /Ax| < ie p(Tmy/Alx + llg v/, (4.3)
hence,
Ya(x, An,q) = cosnmx + ||q||O(1/n). 4.4)

The same kind of calculations gives us for the kth-derivative
Y0 s g) = (= DFsin(nnx + L) + g lFO(A). (4.5)
The leading order term in the kth-derivative of g, w.r.t. x is

¥ y2(x, Anrq)
3201 ¥ (L )

This implies the asymptotic expansion
2%k=3 .
85g2(x. Mk, q) = V2(rn) T sinGrnx + k) + O(*lq|, (4.6)

where we used that

VA Ys (L An) = VZnr (1 + O(1/n)). 4.7)

Applying the chain rule to the second term in (4.1) we get
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_l_[d"U(h,p(h)) n a"U (h, p(h)) ]h"

n! dhn h=x an"
n>1
! L1a
_ZZ [ Z e ]—[ =2 e, (4.8)
S ntbdat la=x )I‘L T dp 18RI Ih=x
where } 5, is the sum over all positive integers ;. j = 1, ...,k which satisfy the

equationsa; +ax + - +loy =nandm = Zle a;. Since

aauzinsaa(gs)_zzm() (a) (a— k)’
5=0

s=0 k=l
we get

! "y 1 0/
Z [dh" PZ § ; mn |ah‘lj)]

nz] =1

d'gg d" g,
Z (Z Noy Z( ) d;gl'1 dh"il

n>l =0

+Z%ZZ<> !a‘ iozam’ ﬁ

%] P(n) r=0

19/
j—T”)h" 4.9)

Using the formulae
7o (h, p(h), As) = V20rs)™ ™ 3 sin(wsx + tmw) + O™ D pli",
8! gy (h, p(h),A)(dvd, ....d) = x?' Pi(d.d. ....d: p)O(1/5), (4.10)

and the trigonometric formula expressing the product of two sine functions as a sum of
cosine functions, we get

(n —t)rr)

’; (Z Z|:( )'7012(0171)" 71 sin (27‘[0|x + t;) sin (27101)( + 7

ot

HipI" O] )]+an >3 ()i

o2 Pn) ﬂ, 19 r=0

Iy 1 d/p
Xmer(dsd""’d’p)O(or_zz)j 'ahj)h

-y (Z Z[( )n(,IZ(aln)"“" sin (27‘[01x + %ﬂ)

n>l o1t

—1
X sin (271(71)( + %) + ||p||"0(al"_2)]

+Z7702 ( )F(r 9 p))h", 4.11)
2
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where we defined

m

m
F(x, Bhp) = Z om Z (r)P,(d,d, cesd; pYPu—r(d,d, ....d; p)

P(n) H, 1% r=0
13/p
j=14"

(4.12)

Let e(n), n € N, be the function which is one if n is even and zero else and o(n) the
function which is one if n is odd and zero else. Then we can rewrite the product of the two
sine functions in (4.10) in the form

(n — t)yr)

!
sin (Zmnx + %) sin (Zmnx + 5

[N]

B

N'

M| —

1
n (1 —)o(n) sin 2mwo 1 x
sm2(kn

:

1

:l~|

+5 ( m)(cos 2ma1x + (—1))e(n). (4.13)

>r
Il
—_

Using that ) 1o (7) = 2", Yi_o(—Dt(}) = (=1)"n! and (4.12), we write (4.10) in the
form

n—=2

(4.10)—2 (Z Ny [ o)t lnﬁ( ))o(n) sin2mwox

n>l k=1

n—1
2 1

TNCUCTOGED | [(—

—(W-)—)(T' cos2moix + (—=1)'nNe(n)

=1 sin
n - 1 j
+2"| pI"O(o™ 2)} +anzo(?)F(x,a;p))h". (4.14)
2

We choose now the appropriate space for 1j4,, i = 1, 2 such that (4.13) is well defined. The
first term we bound is

n=2
2

‘ Z —h" Z No, (n(o1)" ™ | 2%n ( (kn))o(n) sin2mwox

n>l k=1

A

n>l

> —h"(aln)" o121y ﬁ (1- 2(,m))o(n)‘ Z 10, (0177)" |

[N

:l~|

= ’Z " o1m)" 2

n>1 k

(1 — W1,(?))001)‘ |A()).

1

Using the Holder inequality we estimate
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|A(n)| < n‘”\/; () \/Z or)

2
—n 2
=T e Uzl(glzal)’ for g, € €% =7~ C‘/Z (o2’

But the terms S, defined by

01" _
(o1
or in the equivalent way by
d"
S, = —«¢°
dx” x=0

are bounded by S, < n!n/([n/2])!, where [n/2] is for n odd equal to the integer N
%n -l <N« %n. Hence we get for the first term

-2

T
’,,Z; —h (o177)"12"p LI] (1 — m)o(n)‘ |A(n)!
<';hnzn"2°(")([ 0T | < oo, formg <82

where we used

o2 2 1<sm2<kn/n>— D _ ez
1:”( sin? (kn/n)>’ 1,2 1t s1n2(k7r/n) =

with g € [0, 1].The next term we bound is

\Z —h" 2Zno.upn 0oy~ y<cz—|h Hpl® qu,|0(|a" *)

n>1 n=>1

which converges if {15, }nen € s, Where s is the discrete analogue to the Schwartz space S.
The third term we consider is

! 1 )

‘gn_!;ﬂozo(a_;)l:(x,aij’p)h"

52%"’”;% ( )‘sz
nz

2 Pn) =1%

n(m ! 181p
x Z(r)|P,(d,d, .,.,d;p)Pm,,(d,d,...,d;p)l‘]_[ T

! J
Z 'hn|§: floz ( )‘Z 2" o udnm ‘H 1'3}5

where we assumed that ||d{} > 1, [{d, p)|,|{d.d)| < ||d||. If we take p(h) € S, then
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We proved the following lemma.

1 nt 1 iy 1dp
16,0( — J p m ) ——=
] (02) Z I_U:] a; lia = =]]!3h/

ol )=

2
)

Theorem 12. For fixed p(x) € M(e), the function §, defined in (4.1), acting on a normal
vector U(x, p(x)) transforms it into the normal vector given in (4.10). The transformation
8 is well defined if the sequence {ng, }nen is an element of the discrete Schwarz space s,
{710y Inen € €2 and p(x) € S[0, 1.

5. Conclusion, Fock bundle

We saw in the previous sections that there are two groups GL; and G acting on the
normal spaces, i.e. on the Grassmannian Gr,, and that there exists a central extension of
G? which acts on the determinant bundle constructed over the Grassmannian. Fig. 4 shows
the geometric situation.

The question is, whether there exists a bundle F and if there exists a group M which has
G? and an extension of G as subgroups and which acts on the bundle F as an automorphism
group. The way to find an answer to this question is to consider a situation where a similar
construction has to be carried out and then to see how this construction can be used in our
case.
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The example we discuss is 3 + 1 dimensional Dirac-Yang—Mills theory. We follow
Mickelsson [4] where the details can be found. The Fock space, that is the space of holo-
morphic sections on a dual determinant bundle, is described by a single Dirac operator. This
operator contains a potential A and if a physical theory wants to describe any interaction one
has to consider not only one potential but all of them which describe a Dirac operator. This
family of operators hence describes a family of Fock spaces. This implies that the splitting
of the underlying Hilbert space H = H,.(A) & H_(A), which one uses to construct for
example the Grassmannian and determinant bundle, depends on the parameter A. To be
more explicit we consider the 3 + 1 theory. Then H is the direct sum of eigenspaces of the
Dirac operators with potential A and positive energy. Furthermore, let M be a 3 dimensional
compact spin manifold, G a compact Lie group, G the Lie algebra of G and A the vector
space of all G-valued one forms. Then the map A — Gr2, A — H,(A), is not continuous
at the points in the space .A where the eigenvalues of the Dirac Hamiltonian are zero. To
overcome this difficulty in constructing the Fock bundle F4, A € A, one either constructs
the projective space of complex lines of F4 or one considers the Fock space parametrized
by the elements of Gr> and not by those of A. We discuss the second approach.

If F € Gra, the Fock space Fr wrt. H = F & FT is defined by the choice of a basis
f = (f1. f2. ...) in F which is admissible to the basis e = (¢ — 1,e2, ...) of H,, thatis

o0 oC
pre(fu) = Zﬁnej, pre(wy) = Zu/'},{)fj,
j=1

i=1

where (fi;);, jen is an operator of the form 1 +2Z5, w € St> and w7 is the matrix appearing
in the sections, i.e.

v(wt) = y(wo (w6, te G
Since ¥ depends on f we write ¢ (w, f).
Theorem 13. The function ¥ : Sto x Sto — C which satisfies the equations:

Ywt, f)=vw, Hoyw 1, teG?

detz(w(f)t)
Y(w, ft)=y(w, f)W

is a section on the vector bundle F' over Gra, where F' = DET} ® B and B is the trivial
Fock bundle over Gry with fiber Fy. .

The vacuum vector is ¥ = detz(f*w) and there exist groups Gy, G, and G4 which act
in the following way on the sections:

(g g DY (w, f) = a(g.q,w, Hir(g 'wa. f),
gr(g.q. V¥ (w, ) =a,(g.q,w, HY(w,g" fq),
ga(@ ¥ (w, f) = v(g 'wq, g* fq)
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with g € G%,q € GL(H,) and the functions & are determined in the same way as in
Theorem 10. The interpretation is the following one: f are the background fields and G; is
the group of gauge transformations in the fermionic Fock space I'(DET3). The group G,
is the action of the gauge transformations on the vector potentials and G is the symmetry
group of the coupled Dirac—Yang-Mills system. Let Fpol be the subbundle of ' such that
the fiber of F,o at F € Gry consists of all holomorphic sections of DET;(F), that is, a
section ¥ of Fp o is given by

V(w, f) = MF)¥sw, ),

with A : Gr, — C a smooth function and § : H — H an operator which is equal to
the identity operator plus a finite rank one. We know that G? does not act in the space of
holomorphic section [hej (DET;) but the central extension of the group G?/3 does.

We compare this construction with ourcase. Let U = (U, Ua, ...), V = (V1, V2, ...) be
two admissible bases. Furthermore, the Fock space Fn, (m(e)) W-L.t. the splitting Lﬂz-x[O, 1] =
Ny(M(e)) & Nq(M(e))T and the projection pry : N,(M(e)) — E is given. The groups
which act on the sections of the Fock bundle are G? and G, that is

YU, V)=vWU,VoUY,g), geG?
detr,(U)8)

o™ €0

yW,vge)=yW,V)
An element g has the form § = (u,ul), & € R, and it acts on a normal vector by
V(x,q(x))g = V(ux, g(ux)).
Appendix A

Proof of Lemma 6. The normalized eigenfunctions are g,(x,A,) = y2(x,Xs)/

\/yz(l, An)¥5(1,A,), where " denotes differentiation w.r.t. A and “ " ” w.r.t. x. Further-
more,

sin /Apx
ya(x, Ap) = 53, (x) + Sm(X,An), 8, () 1= ———,
MXZ:I m (X, A =
m
Sm (X, An, g (x)) = / S3, (1) [ J (s, (it — 1)q (1)) diy dtz - - diye.
N i=1
The derivative of g, w.r.t. g is given by
Bogn = dgy2(x, Ap) ¥2(x, A) 3 (y2(1, 2) 5 (1, An))
q&n -— - .
NEURUTTIRS (720, 255(1, 20))’

First we write out S, more explicitly, i.e.
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X tm
Sm(x,kn,q(X))=fon(x —tm)q(tm)<f Sk, Um — bn—1)q(tm—1)

0 0
Im—1

X(/ S,\,,(tmfl —tm-2)q(tm_2)
0

7} \
x ( o (/ Sin (21D, (02 — tl)q(tl)dtl)) X)dtm—1} dtm,
0

X

OnSm (X, Ap, h(x)) = /SA,, (x = tm)Lf (h(tm)) + B (tm)Bp f (h (1)) Aty
0

then

Since |53 (x)] = |f(;r ¢ (t)de] < exp[|Im V| x], where we used
C) i=COSAX = %lexp[iﬁx] + exp[—i\/zx]L

we estimate S, by

Stk [ s 1[50, = 0h] dr i

i=2
0<t) <<ty =x

m

(A m!
0.1

o SRR Ly

Tl om

Therefore,

|8k Sm (x, Ap, A (X))

X

< / 52, (5 = tm)LF (r(tm)) + h(tm)3h £ (i)Y ] i
0

X Im
‘/Sln (x — tm)h(tm)/s/\,, (tm-—l)s/\,, (tm — tm—1DhUm—1)ORf (h(tm—1)) dtpy_1 dtym
0 0

< SRV o T et
™ =
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This implies the bound

I
1B yal < °"p“|';’f'x] > i ]),(Ilhllﬁ)’"*‘

_ expliImv/ijx] ekl sy (- 0)
N |An] ||h||

The second term in the derivative of g, is bounded using

LAy (L A = V2R (1 + 01 /m) ™,
which implies that

ny2

R A1 A = VEGHOC (V2VA( +0()) = Va i

Since,

I 1

3h(y'2(1,kn)y§(1,ln))=3hf)’§(t,ln)d1 =2fy2(1,l )9 y2(t, hn) dt
0
1

in o/ A,x
||h|| fzsn 0(:,15))‘”

0

1
IIhll <n4)’

this gives us the following expansion for the second term:

y2(x)3p(32(1)y; (1))

(/»2(Dyy (D)

(f ~0(e)) ¥+ o) (25 (1+0(3)))
(i)

lhII n

The first dominating term has the expansion

||hﬁ)\/_ ( )

This proves part (a). To prove part (b) we start with

o0
yr =D OpSm(x, hn, h(x))

m=1
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m=1

S Emm — H(m =2) .- (m — k)

—

0<f1 < <tpyr1=x
m—
x [T n, vt =g @) dnndry - - i,
i=l
which implies the bound

exp[| Imv/A|x] & _

9 ol < p—m— Z m(m — 1)m = 2) - (m — k(A /5"
" m=1

_ explImVAlx] 9y m)
Pl BRE

The derivative of (8% /ah*)el"1VX) is given by
ot etV _ Z U, (y)F' (),
8hk

i=1

where

F(y(x)) = eXP[y(X)] = explllAlv/x],

. 0 kisl (i — i P i~ 1. i—1ak
U' =,y — —ya i T 8 =2 (= iy' T o,y
From this last formuia the bound (2.28) is easily obtained. O
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